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Abstract -The asymptotic properties of the periodogram for stationary two vector valued time series with missed data is presented, and the 

dispersion properties are investigated. 
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 1 INTRODUCTION  

  His paper is interested to investigate the asymptotic     
  moments of the modified Periodogram based on Data  
  window properties. Many authors as, D.R. Brillinger, 

[1], EA Farag, MA Ghazal [2], [3], M. A. Ghazal, G.S.  
Mokaddis, and A. El-Desokey [4], M. A. Ghazal, E. A. El-
Desokey,., and Alargt, M.A [5], [6], Ghazal, M. A., A. I., El-
Desokey, and A. M. Ben Aros [7], studied the statistical 
analysis of function of time series with missed observations 
of discrete and continuous cases. The paper is organized as 
follow, Section 1, Introduction, Section 2 we will study the 
approximated  properties of the modified periodogram for 
two vector valued stationary time series with missed 
observations, section 3 will study the dispersion of the 
modified periodogram for two vector valued stationary time 
series with missed observations. 

 

2 THE ASYMPTOTIC PROPERTIES OF THE MODIFIED 

PERIODOGRAM FOR TWO VECTOR VALUED 

STATIONARY TIME SERIES WITH MISSED 

OBSERVATIONS 

 Let an )ji(   two vector-valued stationary time series 

         T)t()t(X)t(                                                    (2.1) 

,...2,1,0t  with )t(X , i- vector-valued and )t( ,j- vector-

valued. Let the series (2.1) is a strictly stationary )ji( 

vector-valued time series with  Trs )t()t(X  i,...,2,1s, 

j,.....,2,1r,  , with existing moments as follows,  

 R)t(E,R)t(EX x  ,                                          (2.2) 
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 and the covariances 

  )v(R]R)t(X][R)vt(X[E xx
T

xx      

  )v(R]R)t(][R)vt(X[E x
T

x   ,                                (2.3) 

   )v(R]R)t(][R)vt([E T
   , 

the spectral densities are defined as,  
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




v

xx
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xx )ihvExp)v(R)2()h(f  , 

  ∑ (-





v

x
1

x )ihvExp)v(R)2()h(f   ,                                        (2.4)                            

∑ (-





v

1 )ihvExp)v(R)2()h(f   , 

 hfor . 

From the previous we consider the following Assumption, 

Assumption I. Let i,1a,Rt),t()T(
a   be bounded, and 

vanishes for 0t,1Tt  , is called data window. 

Then consider  

 ihtExp)t(
1T

0t

k

1s

)T(
a)h(a,...,a sk1












 

 , 

for  h , and i,....,2,1a,....,a
k1
 . 

Consider, 

       )()( hd T

a  is the discrete expanded finite Fourier transform 

which is defined by   

T 
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where,   
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Where, )(ta is a Bernoulli sequence of random variable and 

satisfies  

 (2.8)
.w.o,0

;observed are)t(,)t(X if,1
)t(

aa

a
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                                         

and )(ta  satisfies 
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where, 1 aa qp , and  Tt
T

t
t T

a

T

a ,0,)()( )()(    

has bounded variation and vanishes for all t  outside ],,0[ T  

which is called data window function.  

Theorem 2.1. Let ,)()()( ttt aaa   ,...,2,1a min

),( ji are missed observations on the stationary stochastic 

processes )j,imin(,..,2,1a,)t(),t(X aa   and )(ta   is 

Bernoulli sequence of random variables which satisfies (2.8), (2.9), 

then 
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Proof. The proof is omitted.  

Assumption II. Let )(tX is a strictly stationary time series 

whose moments exist. For each 1,...,2,1  ks   and any k-tuple 

kaaa ,......,, 21
we have 

,...3,2,),....,(
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,....,
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, 
where,   
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, ,...)3,2,,,....,,,....,2,1,....,(
111


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see [1]. 

Theorem 2.2. Let ,)()()( ttt aaa   ,...,2,1a min

),( ji are missed observations on the stationary stochastic 

processes ),min(,...,2,1,)(),( jiattX aa   and )(ta   is 

Bernoulli sequence of random variables which satisfies assumption 

II with mean zero, and let  tta ),( , satisfies 

Assumption II for ,...,1a min ),( ji , and let 
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where the bar denotes the complex conjugate. Then  
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Proof. 
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putting 112121 , vttttvtt  . Then we have 


























)1()1(

)1()1(

)()()()(

)()(

)(2

2121

2121

21212

OO

OO

hBhfhBhf

hfhf

hpV

T

aaab

baaa

bbbb 

,                     

                                                                                                (2.16) 
 

    )(),()(),( )()()()(

2121
 T

b

T

b

T

a

T

a ChCCovChCCovN   

21 NNN   

 )(),( )()(

1 21
 T

b

T

a ChCCovN  








































1

0

222

)(

1

0

111

)(

1

2

22

1

11

)exp()()(

,)exp()()(

T

t

b

T

b

T

t

a

T

a

titt

ihttt

CovN





  

          




)exp()()( 21

1

0,

2

)(

1

)(

21

21
tiihttt

T

tt

T

b

T

a   













 T

xxbaxba

xbaxxba

hBttRhBpttRp

ttRpttRp

)()()()(

)()(

2121

2121

2121

2121




, 

putting 112121 , vttttvtt  . Then we have 

 )(2
21211 hpN baba   




















)1()1(

)1()1(

)()()()(

)()(

2121

2121

OO

OO

hBhfhBhf

hfhf
T

aaab

baaa
,                     

                                                                                               (2.17) 

 )(),( )()(

2 21
T

a

T

b ChCCovN   

IJSER

http://www.ijser.org/


International Journal of Scientific & Engineering Research Volume 11, Issue 6, June-2020                                                                                                       694 
ISSN 2229-5518  

 

IJSER © 2020 

http://www.ijser.org 

)18.2(,
)1(O)1(O

)1(O)1(O

)h(B)h(f)h(B)h(f

)h(f)h(f
)h(p2N T

aaab

baaa

abab2

2121

2121

2121























 

 

 )(),(),(),( )()()()(

2211
  T

b

T

a

T

b

T

a CChChCcumS  



 




)exp()exp()exp(

)exp()()()()(

432

1

1

0,,,

4

)(

3

)(

2

)(

1

)(

4321

2211

titiiht

ihttttt
T

tttt

T

b

T

a

T

b

T

a




       

 )(),(),(),( 4321 2211
ttttCov baba       

)1()0(),,()2(
)(3

2211
2211

2211
Ohhfp

T

babababa
baba

 


  

where,   

,)()()()()0(
1

0

)(

3

)(

2

)(

1

)()(

22112211 





T

t

T

b

T

a

T

b

T

a

T

baba tvtvtvt 

now,  

  )()(),( )()(

2211
SNVDIhICov T

ba

T

ba 
 

 
    SNNVVD  2121  

 
  

 1)()(2 )0()0()2(
2211

T

ba

T

ba 
 

    )(2
2121

hp aaaa  

  Ahp bbbb )(2
2121

   

 
 



Ahp

hp

abab

baba

)(2

)(2

2121

2121








 

,)1()0(),,()2( )(3

2211
2211

2211 









  Ohhfp T

babababa
baba






where,  

            







 T

aaab

baaa

hBhfhBhf

hfhf

)()()()(

)()(

2121

2121 , 

             











 T

aaab

baaa

hBhfhBhf

hfhf
A

)()()()(

)()(

2121

2121
, 

             










)1()1(

)1()1(

OO

OO

, 
then,  
                

    
 1)()(2)()( )0()0()2()(),(

22112211

T

ba

T

ba

T

ba

T

ba IhICov 
 

                           

  Ahhpp bbaabbaa  )()()2(
21212121

2 
 

                                                     

 Ahhpp abbaabba  )()()2(
21212121

2 
 

                                                    

  
 OT

ba

T

ba

1)()(2 )0()0()2(
2211


 

                         

   )(2)(2
21212121

 hpAhp bbbbaaaa  

  )(2)(2
21212121

 hpAhp bbbbaaaa  

  
 1)()(2 )0()0()2(

2211

T

ba

T

ba 
 







  )1()0(),,()2( )(3

2211
2211

2211
Ohhfp T

babababa
baba






   221)()(2 )0()0()2(
2211

OOT

ba

T

ba 
 

, 

4321 KKKK 
                                                                      (2.19) 
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using 3K , 4K  into (2.19). Then,   
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where there exists any constant N such that,  
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Then the proof is obtained. 
 

3 THE DISPERSION FOR THE MODIFIED PERIODOGRAM 

FOR TWO VECTOR VALUED STATIONARY TIME SERIES 

WITH MISSED OBSERVATIONS. 
 

In this section we will study the dispersion for the 

modified periodogram for two vector valued stationary time 

series with missed observations by the following corollaries.  

Corollary 3.1. Suppose that ,)()()( ttt aaa   ,..,2,1a

),min( ji are missed observations on the strictly stationary 
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Proof.  

     From (2.13) and by taking the limits for both sides then 
the proof comes directly by using the given constraints. 
 
      In Corollary (2.2) below we use of the Kroncker delta 
function which is given by  
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off. By using the limit, theorem (2.2) becomes: 
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by using corollary (2.1) we get   0)(),( )()(
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as T , the proof is obtained.  

In the case of 0h  then the previous corollary 

indicates the following one. 
Corollary 3.3 Using theorem (2.2) and corollary (3.2) then we 
have, 
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Hence the proof is obtained.

Now, when 0h , Rh , , for some constants F, and 

the bounded of )(hfab ba, ,2,1 ...,  min ),( ji Rh,  

then taking the modulus for both sides of (2.19) and using 

theorem (2.1), we have At 0h , using assumption (I), 

then we get from (2.14), and using the limit, then,            

 

4 CONCLUSION 

It is clear from the study that the properties of the modified 
periodogram for stationary time series of two vector valued 
with missed observations are approximately the same 
properties to the classical one, which will lead to apply in 
many important fields such as economy, astronomy, and 
medicine. 
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